Clark – PHIL 125	Unit 2
Natural Deduction (Propositional Logic)

1. Introduction

As I mentioned in the previous unit, truth tables and truth trees can tell us if an argument is valid or invalid but they do not actually communicate the steps for accepting or rejecting as valid or invalid respectively. In order to do that, we need to construct proofs of arguments. Proofs use rules to justify each derivation.

[bookmark: _Hlk198286040][bookmark: _Hlk198286071][bookmark: _Hlk198286100]Some rules are more challenging than others, so we will go through them in a somewhat nonlinear way. To begin, each operator has an “in” and an “out” rule. This is nice since all you have to do is master ten rules to successful prove propositional arguments. We will slowly incorporate each of the ten rules, which I have arranged the rules into three groupings: (1) →O, &O, &I, and vI, (2) →I, ~I, and ~O, and (3) ↔O, ↔I, and vO. 

As you probably already guessed, the “O” stands for “out” and the “I” stands for “in.” And you would be right! But before we jump into the rules, it is necessary that you understand the different elements of a logic proof.

2. The Structure of a Logic Proof

A logic proof has four elements: (1) assumption numbers, (2) line numbers, (3) assumptions and derivations, and (4) justifications. Each is separated into its own column, like so:

	Assumption Numbers
	Line Numbers (1, 2, 3…)
	Assumptions and Derivations
	Justifications



Every proof begins by listing the premises. Assumption numbers are assigned to each premise in our argument. The numbers record where the premise is in the argument So, if P & Q is our first premise and we place it on the first line, then it is marked with a “1” in the “assumption numbers” column. If P → Q is our second premise and we place it on the second line, then it gets a “2.” And so on. Once we get to the second grouping, we will introduce provisional assumptions. These are assumptions that we make ourselves beyond the premises given to us at the beginning. Provisional assumptions also receive a distinct number that represents the line where they are added to the proof. This means a provisional assumption that is made at the seventh line of the proof gets a “7.”

Line numbers are the easiest of the four columns to understand. We number each line starting at 1 and going until we reach the end of the proof. Line numbers are needed because we have to cite the lines that allow us to execute each rule.

The “assumptions and derivations” column is where we write the different statements that make up an argument (e.g., P & Q, ~ P, P ↔ ~ Q, etc.).

Finally, the “justifications” column is where we cite the line numbers and the rule that we used to derive a given statement within the proof. The justification column is what sets natural deduction apart from the other methods of testing for validity. Truth tables and truth trees can determine if an argument is valid or invalid, but neither is able to explain why an argument is valid. Natural deduction allows us to elucidate each step in an argument.

Now that we are familiar with the structure of a logic proof, let us look at the rules one grouping at a time.

3. Grouping #1: →O, &O, &I, and vI

Imagine the following scenario: your friend, Blair, tells you that if she gets a promotion, then she will invite you to their celebratory night out. You hear from another friend, Tom, that Blair did receive a promotion. Yay! Your initial thought is that you need to prepare for a night out. But how did you reason that you need to prepare for a night out? The answer: the →O rule.

The →O rule is something that we commonly use as part of our reasoning. If Blair gets a (P)romotion, then we will (G)o out. Blair got a (P)romotion. Therefore, we will (G)o out. We can formalize this argument as:

	P → G, P ├ G 

What does a proof of that argument look like? Well, it will look a little underwhelming since this is our →O rule. 

	1
	(1)
	P → G
	A

	2
	(2)
	P
	A

	1, 2
	(3)
	G
	1, 2 →O



Again, do not get overwhelmed! Let me explain what you are looking at. In the “assumption numbers” column, you see “1,” “2,” and “1, 2.” The “1” and the “2” correspond to our two premises which appear in lines 1 and 2. Remember, we write the corresponding line number next to the lines where premises and provisional assumptions first appear. P → Q appears in line 1, so it gets a “1.” P appears in line 2, so it gets a “2.” The “1, 2” that appears next to G in line three indicates that the derivation of G depends on the premises from the first and second lines. Any time you use a rule to make a new derivation, you simply add the assumption numbers that are listed in the lines you cite to execute the rule.

The other thing that might look confusing is the “A” in the “justifications” column. “A” is used in this column to represent an assumption. All premises are assumptions because they are statements that we are assuming are true. Recall that validity is relevant to an argument’s form, so we assume that the premises are true because this would mean that the conclusion also has to be true for the argument to be valid. The one downside to natural deduction is that you can only prove valid arguments. A logic proof of an invalid argument would never end because you could never reach the conclusion using the rules correctly. Finally, there is a “1, 2 →O” in the third line. That is our rule. From a conditional statement (i.e., P → G) and the conditional statement’s antecedent (i.e., P), we can derive the consequent (i.e., G). So, we cite the line where the conditional statement and the conditional statement’s antecedent are located within the proof, 1 and 2 respectively, and our rule (→O).

Here is another example to illustrate the →O rule:

(P & Q) → R, P & Q ├ R

	1
	(1)
	(P & Q) → R
	A

	2
	(2)
	P & Q
	A

	1, 2
	(3)
	R
	1, 2 →O



This is the same exact proof because all of the same pieces are present – a conditional statement ((P & Q) → R) and the conditional statement’s antecedent (P & Q). An important thing to remember about logic proofs is that a rule can only be used on the main operator of a statement. So, in the case of line 1, we could not use an &O rule on the (P & Q) because the main operator in line 1 is the →. Let us look at the &O rule to show you what I mean.

I introduced the →O rule using a thought experiment. I want to do the same for &O. Imagine that I have a green shirt and a blue shirt. I decide to choose the blue shirt. You would not question my logic if I told you I decided to wear the blue shirt, would you? I hope not. This is the &O rule. From a conjunction, derive either conjunct. This is what the proof would look like:

G & B ├ B

	1
	(1)
	G & B
	A

	1
	(2)
	B
	1 &O



The proof would look the exact same if I chose the green shirt (just with a different conclusion).

G & B ├ G

	1
	(1)
	G & B
	A

	1
	(2)
	G
	1 &O



We only have one premise, which means that we only have one assumption (i.e., G & B). This is why G & B has a “1” in the “assumption numbers” column. Our derivation is from the conjunction, so we cite the line where the conjunction occurred (i.e., line 1) and the rule that we used (i.e., &O).

The &I rule rests on the same reasoning. If I were to tell you that I have a green shirt in one sentence and that I have a blue shirt in another sentence, you would not question me if I were to say “I have a green shirt and a blue shirt.” This is what that argument would look like:



G, B ├ G & B

	1
	(1)
	G
	A

	2
	(2)
	B
	A

	1, 2
	(3)
	G & B
	1, 2 &I



The &I rule can arrange the conjuncts in any order. If I were to say “I have a blue shirt and a green one” instead of “I have a green shirt and a blue one,” then the proof would look the exact same except for the conclusion.

G, B ├ B & G

	1
	(1)
	G
	A

	2
	(2)
	B
	A

	1, 2
	(3)
	B & G
	1, 2 &I



Here is one more example of a proof that only uses the &I rule. It looks more complicated because the argument has more operators, but it has the exact same proof structure:

P v Q, R → S ├ (P v Q) & (R → S)

	1
	(1)
	P v Q
	A

	2
	(2)
	R → S
	A

	1, 2
	(3)
	(P v Q) & (R → S)
	1, 2 &I



Before introducing the last rule of this grouping, vI, let us look back at a proof I introduced above and change it slightly.

(P & Q) → R, Q & P ├ R

	1
	(1)
	(P & Q) → R
	A

	2
	(2)
	Q & P
	A

	2
	(3)
	Q
	2 &O

	2
	(4)
	P
	2 &O

	2
	(5)
	P & Q
	3, 4 &I

	1,2
	(6)
	R
	1, 5 →O



Looking at our conclusion, we want to derive R. The R is connected to the →. The only way to get the R is to use the →O rule. We have a conditional, (P & Q) → R, but we do not have the antecedent, P & Q. You might think that Q & P and P & Q are logical equivalents, why can I not just use the →O rule with Q & P? It is important to keep in mind that the rules are truth-preserving. If we want to be absolutely certain that the conclusion necessarily follows from the premises, then we need to use the rules exactly as they are written. The proof cannot do any of the logical reasoning on its own. So, we have to break apart the conjunction, Q & P, and reassemble it as P & Q.

One other quick note about this proof. You might still be a little confused about the assumption numbers. The “2” is listed in lines 2-5 because it is the only assumption that we used to deconstruct the conjunction and put is back together. If I gave you Q & P ├ P& Q to prove, your proof would look exactly like lines 2-5 (except for the “2” would become a “1”). The best practice if you get confused about assumption numbers is to look at the assumption numbers used in the lines that you cite in the “justifications” column. You just add them up.

Finally, let us add the vI rule. For the vI rule, think about these two sentences: (1) “I own a car” and (2) “I own a car or a spaceship.” If the first sentence is true, then the second sentence is true, right? If I own a car, then I can “wedge in” any other disjunct and the sentence would still be true – “I own a car or a pack of sled dogs,” “I own a car or a jet,” you get the point. This is the vI rule.

C ├ C v S

	1
	(1)
	C
	A

	1
	(2)
	C v S
	1 vI



The vI rule is the same as the &I rule insofar as the ordering does not matter. You could just as easily prove that I own a spaceship or a car.

C ├ S v C

	1
	(1)
	C
	A

	1
	(2)
	S v C
	1 vI



And, as with the other rules, there is no restriction on the size of the disjunctions

R & C ├ (R & C) v ~ ((P & Q) ↔ (R v S))

	1
	(1)
	R & C
	A

	1
	(2)
	(R & C) v ~ ((P & Q) ↔ (R v S))
	1 vI



Now that you have all four rules in this grouping, let us try some more complex proofs. But, before we do, below is a table with the four rules that you can use as a reference. I used the □’s and ○’s again as metavariables to stand for any kind of statement within a logic proof. We will slowly add the other rules to the table as we progress.






	→O Rule
	

		From:
	(1) □ → ○

	
	(2) □

	Derive:
	     ○             1, 2 →O



	

	&O Rule
	&I Rule

		From:
	(1) □ & ○

	Derive:
	□ [or] ○         1 &O



		From:
	(1) □

	
	(2) ○

	Derive:
	  □ & ○	        1, 2 &I

	
	       [or]

	
	  ○ & □




	
	vI Rule

	
		From:
	(1) □

	Derive:
	□ v ○               1 vI

	
	       [or]

	
	  ○ v □






Practice proofs: Try these on your own, then look over the answers on the following pages. Here are two helpful tips to know before you get started. (These tips apply to all proofs!)
· Always look at the conclusion first. The last line of the proof is always the conclusion. The whole point of the proof is to derive that particular statement. Looking at the conclusion first is necessary because it indicates which rule is going to be needed. Or, if the conclusion exists inside one of the assumptions, then you know how you will derive it – by employing the rule(s) to break it apart.
· Identify the main operators in the premises. Remember, a rule can only be used if the elements of the rules are present. If the elements are not there, then you will have to build them.

1. P & Q, P → R ├ R

2. P & (P → Q) ├ Q

3. P → Q, P ├ Q v R

4. P & (Q & R) ├ (Q & P) & R

5. P → (Q & R), R → T, P ├ T

6. (P v Q) → R, Q ├ R
1. [bookmark: _Hlk198309709]P & Q, P → R ├ R

	1
	(1)
	P & Q
	A

	2
	(2)
	P → R
	A

	1
	(3)
	P
	1 &O

	1, 2
	(4)
	R
	1, 3 →O



2. P & (P → Q) ├ Q

	1
	(1)
	P & (P → Q)
	A

	1
	(2)
	P
	1 &O

	1
	(3)
	P → Q
	1 &O

	1
	(4)
	Q
	2, 3 →O



3. P → Q, P ├ Q v R

	1
	(1)
	P → Q
	A

	2
	(2)
	P
	A

	1, 2
	(3)
	Q
	1, 2 →O

	1, 2
	(4)
	Q v R
	3 vI



4. P & (Q & R) ├ (Q & P) &R

	1
	(1)
	P & (Q & R)
	A

	1
	(2)
	P
	1 &O

	1
	(3)
	Q & R
	1 &O

	1
	(4)
	Q
	3 &O

	1
	(5)
	R
	3 &O

	1
	(6)
	Q & P
	2, 4 &I

	1
	(7)
	(Q & P) & R
	5, 6 &I





5. [bookmark: _Hlk198309783]P → (Q & R), R → T, P ├ T

	1
	(1)
	P → (Q & R)
	A

	2
	(2)
	R → T
	A

	3
	(3)
	P
	A

	1, 3
	(4)
	Q & R
	1, 3 →O

	1, 3
	(5)
	R
	4 &O

	1, 2, 3
	(6)
	T
	2, 5 →O



6. (P v Q) → R, Q ├ R

	1
	(1)
	(P v Q) → R
	A

	2
	(2)
	Q
	A

	2
	(3)
	P v Q
	2 vI

	1, 2
	(4)
	R
	1, 3 →O



4. Grouping #2: →I, ~I, and ~O

The rules in grouping #2 all rely on the introduction of a provisional assumption. I mentioned previously these in the third section of this unit. Provisional assumptions are assumptions that you add to the proof yourself. If you are excited to wield this newfound power to make any assumption that you wish, I must warn you that provisional assumptions come with a price. You cannot end your proof if the conclusion includes an assumption number tied to a provisional assumption. To be truth-preserving, the only truths that we can accept are the ones that are given to us. Before a proof is completed, all provisional assumptions must be removed. How is that done? By using one of the following rules, →I, ~O, or ~I.

Starting with →I, think about this scenario: You are thinking about getting a dog, and you start to reason that if you get a dog, then the dog will want to go for walks. If the dog wants to go for walks, then you will also need to purchase a leash. So, if you get a dog, then you will also need to purchase a leash. This reasoning is basically the →I rule. You made a provisional assumption (PA) insofar as you are assuming that you will indeed get a dog for the sake of seeing the argument to its conclusion.

Here is what that proof would look like:

[D = you get a dog; W = the dog wants to go for walks; L = you buy a leash for the dog]

D → W, W → L ├ D → L

	1
	(1)
	D → W
	A

	2
	(2)
	W → L
	A

	3
	(3)
	D
	PA

	1, 3
	(4)
	W
	1, 3 →O

	1, 2, 3
	(5)
	L
	2, 4 →O

	1, 2, 3
	(6)
	D → L
	3, 5 →I



As you can see, the assumption number associated with the provisional assumption, “3,” is removed once you use the →I rule in line 6. (Note: You do not actually have to write the number of the provisional assumption and X it out. I am only doing it to illustrate that the provisional assumption drops out.)

The formal rule for the →I rule has two elements: (1) you must make a provisional assumption of the antecedent and (2) you must derive the consequent using the provisional assumption. The formal rule will be added to the table of rules after we discuss the ~I and ~O rules but, it is worthwhile to show you another example of the →I rule before we move on.

[bookmark: _Hlk198311771](P & Q) → R, Q ├ P → R

	1
	(1)
	(P & Q) → R
	A

	2
	(2)
	Q
	A

	3
	(3)
	P
	PA

	2, 3
	(4)
	P & Q
	2, 3 &I

	1, 2, 3
	(5)
	R
	1, 4 →O

	1, 2, 3
	(6)
	P → R
	3, 5 →I



Now, let us turn to the ~I and ~O rules. The two rules are identical. Only their starting point are different. As with the other rules, we should first understand the logic behind the rule. Consider a situation where you want to catch someone in a lie, what do you do to expose the lie? You likely try to show how the person is committed to both sides of an issue. For example, if your friend who you know hates roller coasters tells you that they cannot hang out with you because they are going to an amusement park to ride roller coasters, you might get suspicious since you that your friend hates roller coasters. So, you reason that your friend is not actually going to the amusement park because, if your friend did go, then your friend would ride roller coasters, which she hates. Congratulations! You just executed the ~I rule without even knowing it. The “if your friend does go to the amusement park” is the provisional assumption. It is something that you are assuming for the sake of following the argument through.

This is what that argument might look like:

[A = your friend goes to the amusement park; R = your friend rides roller coasters]
A → R, ~ R├ ~ A

	1
	(1)
	A → R
	A

	2
	(2)
	~ R
	A

	3
	(3)
	A
	PA

	1, 2
	(4)
	R
	1, 3 →O

	1, 2, 3
	(5)
	R & ~ R
	2, 4 &I

	1, 2, 3
	(6)
	~ A
	3, 5 ~I



A couple of notes. The first one is that the provisional assumption number is removed once you execute the ~I rule (just like the →I rule). The second thing is do you see what is written in line 5, R & ~ R. What is that? Well, if you remember our lesson on truth trees, you might already know that R & ~ R is a contradiction. A contradiction is an instance where something is shown to be both true and false – a logical impossibility! The contradiction is a key element of the ~I and ~O rules. To execute the ~I and ~O rules, you must: (1) make a provisional assumption and (2) show that the provisional assumption derives a contradiction.

Before we do another example utilizing the ~O rule, here is a way to picture the ~O rule. Imagine that you are a detective and that you are questioning a suspect. The suspect claims that they have never been to the scene of the crime. You reply: “If you have never been to the scene of the crime, then we should not have found any of your DNA there. But we did find your DNA there. So, clearly you have been to the scene of the crime.” Again, great job! You just executed the ~O rule.

This is what it would look like:

[B = been at the scene of the crime; D = found the suspect’s DNA at the scene of the crime]

~ B → ~ D, D ├ B

	1
	(1)
	~ B → ~ D
	A

	2
	(2)
	D
	A

	3
	(3)
	~ B
	PA

	1, 3
	(4)
	~ D
	1, 3 →O

	1, 2, 3
	(5)
	D & ~ D
	2, 4 &I

	1, 2, 3
	(6)
	B
	3, 5 ~O



As you can see, the proof looks nearly identical to the previous proof where we employed the ~I rule. You have a provisional assumption, ~ B, in the third line and a contradiction, D & ~ D, in the fifth line. Both of those were cited as your justification for the ~ O rule.


Before we attempt some practice problems, I want to stress again how you should always look at the conclusion when you start a proof. This is especially true when you have to use the →I, ~I, and ~O rules because you have to make the correct provisional assumption. Remember, you are allowed to assume whatever you want as long as you remove from the proof using one of these three rules. But the rules must be followed. In the case of →I, it is imperative that you assume the antecedent. If you do not assume the antecedent, then you cannot successfully build the conditional statement when you finally derive the consequent. Only the provisional assumption and the consequent can be put together with the →I rule. So, be mindful when you make a provisional assumption that you are doing it for a specific reason. The conclusion helps you to discover the purpose to guide you through the proof.

Here is the updated table of natural deduction rules that we have covered up to this point:

	→O Rule
	→I Rule

		From:
	(1) □ → ○

	
	(2) □

	Derive:
	     ○             1, 2 →O



		From:
	(1) □                   PA

	
	(2) ○     derived using PA

	Derive:
	 □ → ○        1, 2 →I




	&O Rule
	&I Rule

		From:
	(1) □ & ○

	Derive:
	□ [or] ○         1 &O



		From:
	(1) □

	
	(2) ○

	Derive:
	  □ & ○	        1, 2 &I

	
	       [or]

	
	  ○ & □




	
	vI Rule

	
		From:
	(1) □

	Derive:
	□ v ○               1 vI

	
	       [or]

	
	  ○ v □




	~O Rule
	~I Rule

		From:
	(1) ~ □                PA

	
	derived

	
	(2) ◊ & ~ ◊      from PA

	Derive:
	  □           1, 2 ~O



		From:
	(1) □                PA

	
	derived

	
	(2) ◊ & ~ ◊      from PA

	Derive:
	 ~ □          1, 2 ~O






Practice problems: Try these on your own, then review the answers to see how you did.

1. (P & Q) → R, Q ├ P → R

2. P → ~ Q, R & Q ├ ~ P

3. P → ~ Q, ~ R → P, Q ├ R

4. ~ (P v Q) ├ ~ P

5. ~ P → Q, ~ (R v Q) ├ P

6. (P v Q) → R, S & T ├ Q → ((R & S) & T)



1. (P & Q) → R, Q ├ P → R

	1
	(1)
	(P & Q) → R
	A

	2
	(2)
	Q
	A

	3
	(3)
	P
	PA

	2, 3
	(4)
	P & Q
	2, 3 &I

	1, 2, 3
	(5)
	R
	1, 4 →O

	1, 2, 3
	(6)
	P → R
	3, 5 →I



2. P → ~ Q, R & Q ├ ~ P

	1
	(1)
	P → ~ Q
	A

	2
	(2)
	R & Q
	A

	3
	(3)
	P
	PA

	1, 3
	(4)
	~ Q
	1, 3 →O

	2
	(5)
	Q
	2 &O

	1, 2, 3
	(6)
	Q & ~ Q
	4, 5 &I

	1, 2, 3
	(7)
	~ P
	3, 6 ~I




3. P → ~ Q, ~ R → P, Q ├ R

	1
	(1)
	P → ~ Q
	A

	2
	(2)
	~ R → P
	A

	3
	(3)
	Q
	A

	4
	(4)
	~ R
	PA

	2, 4
	(5)
	P
	2, 4 →O

	1, 2, 4
	(6)
	~ Q
	1, 5 →O

	1, 2, 3, 4
	(7)
	Q & ~ Q
	3, 6 &I

	1, 2, 3, 4
	(8)
	R
	4, 7 ~O





4. ~ (P v Q) ├ ~ P

	1
	(1)
	~ (P v Q)
	A

	2
	(2)
	P
	PA

	2
	(3)
	P v Q
	2 vI

	1, 2
	(4)
	(P v Q) & ~ (P v Q)
	1, 3 &I

	1, 2
	(5)
	~ P
	2. 4 ~I



5. ~ P → Q, ~ (R v Q) ├ P

	1
	(1)
	~ P → Q
	A

	2
	(2)
	~ (R v Q)
	A

	3
	(3)
	~ P
	PA

	1, 3
	(4)
	Q
	1, 3 →O

	1, 3
	(5)
	R v Q
	4 vI

	1, 2, 3
	(6)
	(R v Q) & ~ (R v Q)
	2, 5 &I

	1, 2, 3
	(7)
	P
	3, 6 ~O



6. (P v Q) → R, S & T ├ Q → ((R & S) & T)

	1
	(1)
	(P v Q) → R
	A

	2
	(2)
	S & T
	A

	3
	(3)
	Q
	PA

	3
	(4)
	P v Q
	3 vI

	1, 3
	(5)
	R
	1, 4 →O

	2
	(6)
	S
	2 &O

	2
	(7)
	T
	2 &O

	1, 2, 3
	(8)
	R & S
	5, 6 &I

	1, 2, 3
	(9)
	(R & S) & T
	7, 8 &I

	1, 2, 3
	(10)
	Q → ((R & S) & T)
	3, 9 →I





5. Grouping #3: ↔O, ↔I, and vO

Homestretch! We only have three more rules to introduce. The ↔O rule is pretty straightforward. The ↔I rule is deceptively challenging (at times). And the vO rule is the most involved, so we will save it for last. None of these rules on their own require you to posit a provisional assumption. But, in most cases, a provisional assumption is needed somewhere along the way.

Let us start with the easiest of the three, the ↔O rule. If you remember way back at the beginning of the first unit when I introduced the biconditional, I said that a biconditional is actually just two conditional statements with a & holding them together. For example, P ↔ Q is logically equivalent to (P → Q) & (Q → P). This means that the ↔O rule is just separating the two conditional statements from one another. If you have P ↔ Q in the proof, you can write either P → Q or Q → P by citing the biconditional and the ↔O rule. Here is one such instance:

[bookmark: _Hlk198319284]P ↔ Q, P ├ Q

	1
	(1)
	P ↔ Q
	A

	2
	(2)
	P
	A

	1
	(3)
	P → Q
	1 ↔O

	1, 2
	(4)
	Q
	2, 3 →O









Here is another:

(P & R) ↔ Q, Q ├ R

	1
	(1)
	(P & R) ↔ Q
	A

	2
	(2)
	Q
	A

	1
	(3)
	Q → (P & R)
	1 ↔O

	1, 2
	(4)
	P & R
	2, 3 →O

	1, 2
	(5)
	R
	4 &O










See, not so bad. The ↔I rule is the same but in reverse. To build a biconditional, we need both conditionals. The reason that the ↔I can get trick is because you might have to construct one or both conditionals. In that case, you would need to make a provisional assumption of the conditional’s antecedent, derive the conditional’s consequent, and then use the →I rule to put the conditional together. I will show you two cases, one where you do not have to build the conditionals and one where you do.


[bookmark: _Hlk198324067]P → (Q → R), T → (R → Q), P& T ├ Q ↔ R

	1
	(1)
	P → (Q → R)
	A

	2
	(2)
	T → (R → Q)
	A

	3
	(3)
	P & T
	A

	3
	(4)
	P
	3 &O

	3
	(5)
	T
	3 &O

	1, 3
	(6)
	Q → R
	1, 4 →O

	2, 3
	(7)
	R → Q
	2, 5 →O

	1, 2, 3
	(8)
	Q ↔ R
	6, 7 ↔I














(P v Q) → R, R → P ├ P ↔ R

	1
	(1)
	(P v Q) → R
	A

	2
	(2)
	R → P
	A

	3
	(3)
	P
	PA

	3
	(4)
	P v Q
	3 vI

	1, 3
	(5)
	R
	1, 4 →O

	1, 3
	(6)
	P → R
	3, 5 →I

	1, 2
	(7)
	P ↔ R
	2, 6 ↔I













Finally, we come to the vO rule. Like I said at the beginning of this section, the vO rule is the most involved. That does not necessarily mean it is complicated – the reasoning is quite intuitive. But the vO rule is unique insofar as it has three elements: (1) a disjunction statement, (2) a conditional statement showing that one disjunct derives a desired conclusion, and (3) another conditional statement showing that the other disjunct derives the exact same conclusion. One more time, a thought example helps us understand the vO rule. Imagine that you are planning a trip with a friend. You both decide to plan a vacation to Hawaii. After doing some research, you find out that you can either fly to Hawaii or take a cruise. Both options will get you to the same place, so you can reason that, no matter what, you and your friend will soon be in Hawaii enjoying your vacation. This is the vO rule at work. Here it is:

P v C, P → H, C → H ├ H

[P = taking a plane, C = taking a cruise, H = being in Hawaii]



P v C, P → H, C → H ├ H

	1
	(1)
	P v C
	A

	2
	(2)
	P → H
	A

	3
	(3)
	C → H
	A

	1, 2, 3
	(4)
	H
	1, 2, 3 vO









As I said, the reasoning is pretty intuitive. If both disjuncts are shown to derive the exact same conclusion, then the conclusion is certain. Any occasion that you have been given a choice between two options knowing that the choice did not affect the outcome, you have reasoned the vO rule.

Let us attempt two proofs requiring the vO rule that are a little more complex:

[bookmark: _Hlk198325646]P v Q, (P v R) → T, (Q v S) → T ├ T

	1
	(1)
	P v Q
	A

	2
	(2)
	(P v R) → T
	A

	3
	(3)
	(Q v S) → T
	A

	4
	(4)
	P
	PA

	4
	(5)
	P v R
	4 vI

	2, 4
	(6)
	T
	2, 5 →O

	2, 4
	(7)
	P → T
	4, 6 →I

	8
	(8)
	Q
	PA

	8
	(9)
	Q v S
	8 vI

	3, 8
	(10)
	T
	3, 9 →O

	3, 8
	(11)
	Q → T
	8, 10 →I

	1, 2, 3
	(12)
	T
	1, 7, 11 vO




















At first glance, this might seem overwhelming. But if you compare the two sections that I highlighted in blue and yellow, the proof is nearly identical. The same rules are used in lines 4-7 and lines 8-11. You must focus on the elements of the vO rule that you need to derive. If you see a disjunction as one of the premises (e.g., P v Q), there is a good chance that you will need to use the vO rule. And if you know that you need to use the vO rule, make a note of the two conditionals that you have to build and start building them. Assume one antecedent as a PA and derive the consequent. Then do the exact same thing for the second conditional.

The last vO example that I want to show you requires two maneuvers that you have not seen yet. I will explain it after I show you what it looks like.

[bookmark: _Hlk198326533]H v T, ~ H ├ T

	1
	(1)
	H v T
	A

	2
	(2)
	~ H
	A

	3
	(3)
	H
	PA

	4
	(4)
	~ T
	PA

	3, 4
	(5)
	H & ~ T
	3, 4 &I

	3, 4
	(6)
	H
	5 &O

	2, 3, 4
	(7)
	H & ~ H
	3, 6 &I

	2, 3, 4
	(8)
	T
	4, 7 ~O

	2, 3
	(9)
	H → T
	3, 8 →I

	10
	(10)
	T
	PA

	10
	(11)
	T → T
	10, 10 →I

	1, 2
	(12)
	T
	1, 9, 11 vO




















This proof far exceeds what I would expect an introductory student to handle, but this is a very common line of reasoning that we use all the time. I will explain with an example. I used “H” and “T” because I wanted my letters to represent “heads” and “tails.” A coin flip is either heads or tails. If it is not heads, then it must be tails. That is what this proof communicates. In most cases, a logician will skip this proof entirely and cite “1, 2 DS.” The “DS” stands for “disjunctive syllogism.”

The two maneuvers that I wanted to highlight are the ones in blue and yellow. Starting with the blue section (lines 3-9), you might have a lot of questions about why I did what I did. The first step you should understand. I knew that I needed to build H → T, so I assumed the antecedent, and I looked to derive the consequent. I cannot derive the consequent based on what I have in the premises, so I assumed the negation of what I needed and looked to build a contradiction. I built my contradiction with H and ~ H. But before I could remove the negation from my ~ T (PA in line 4), I had to contaminate it with the contradiction. Remember, to use the ~I and ~O rules, I must first show that the contradiction is connected with the correct assumption number. In other words, I needed my contradiction to have “4” as one of its assumption numbers. I used the &I and &O rules in lines 5 and 6 to perform the contamination. After that, I could use ~O on my ~ T (PA). Then, I constructed my H → T with the →I rule.

Turning to the yellow section (lines 10-11), you see that I assumed T as a PA to build my second conditional for the vO rule. Well, T is both the antecedent and the consequent of the conditional that I am looking construct. So, I cite the line twice (because the rule has two elements) along with the →I rule. In line 11, the only assumption number, “10,” is marked out. So, T → T does not depend on any assumptions? Nope. T → T is a tautology, which means that it is a statement that is always true.

Below is the finalized version of the table with the natural deduction rules and a few more practice problems.


	→O Rule
	→I Rule

		From:
	(1) □ → ○

	
	(2) □

	Derive:
	     ○             1, 2 →O



		From:
	(1) □                   PA

	
	(2) ○     derived using PA

	Derive:
	 □ → ○        1, 2 →I




	&O Rule
	&I Rule

		From:
	(1) □ & ○

	Derive:
	□ [or] ○         1 &O



		From:
	(1) □

	
	(2) ○

	Derive:
	  □ & ○	        1, 2 &I

	
	       [or]

	
	  ○ & □




	vO Rule
	vI Rule

		From:
	(1) □ v ○          

	
	(2) □ → ◊

	
	(3) ○ → ◊

	Derive:
	  ◊       1, 2, 3 vO



		From:
	(1) □

	Derive:
	□ v ○               1 vI

	
	       [or]

	
	  ○ v □




	~O Rule
	~I Rule

		From:
	(1) ~ □                PA

	
	derived

	
	(2) ◊ & ~ ◊      from PA

	Derive:
	  □           1, 2 ~O



		From:
	(1) □                PA

	
	Derived

	
	(2) ◊ & ~ ◊      from PA

	Derive:
	 ~ □          1, 2 ~O




	↔O Rule
	↔I Rule

		From:
	(1) □ ↔ ○

	Derive:
	    □ → ○       1 ↔O

	
	           [or]

	
	    ○ → □



		From:
	(1) □ → ○

	
	(2) ○ → □

	Derive:
	□ ↔ ○        1, 2 ↔I






	1. P ↔ Q, ~ Q ├ ~ P
	2. P v Q, P → R, Q → ~ T ├ R v ~ T

	
	

	3. P ↔ ~ Q, ~ Q ↔ ~ R, S → ~ R ├ S → P
	4. P → R, Q → R ├ (P v Q) → R



1. P ↔ Q, ~ Q ├ ~ P

	1
	(1)
	P ↔ Q
	A

	2
	(2)
	~ Q
	A

	3
	(3)
	P
	PA

	1
	(4)
	P → Q
	1 ↔O

	1, 3
	(5)
	Q
	3, 4 →O

	1, 2, 3
	(6)
	Q & ~ Q
	2, 5 &I

	1, 2, 3
	(7)
	~ P
	3, 6 ~I













2. P v Q, P → R, Q → ~ T ├ R v ~ T

	1
	(1)
	P v Q
	A

	2
	(2)
	P → R
	A

	3
	(3)
	Q → ~ T
	A

	4
	(4)
	P
	PA

	2, 4
	(5)
	R
	2, 4 →O

	2, 4
	(6)
	R v ~ T
	5 vI

	2, 4
	(7)
	P → (R v ~ T)
	4, 6 →I

	8
	(8)
	Q
	PA

	3, 8
	(9)
	~ T
	3, 8 →O

	3, 8
	(10)
	R v ~ T
	9 vI

	3, 8
	(11)
	Q → (R v ~ T)
	8, 10 →I

	1, 2, 3
	(12)
	R v ~ T
	1, 7, 11 vO





















3. P ↔ ~ Q, ~ Q ↔ ~ R, S → ~ R ├ S → P

	1
	(1)
	P ↔ ~ Q
	A

	2
	(2)
	~ Q ↔ ~ R
	A

	3
	(3)
	S → ~ R
	A

	4
	(4)
	S
	PA

	3, 4
	(5)
	~ R
	3, 4 →O

	2
	(6)
	~ R → ~ Q
	2 ↔O

	2, 3, 4
	(7)
	~ Q
	5, 6 ↔O

	1
	(8)
	~ Q → P
	1 ↔O

	1, 2, 3, 4
	(9)
	P
	7, 8 →O

	1, 2, 3, 4
	(10)
	S → P
	4, 9 →I

















4. P → R, Q → R ├ (P v Q) → R

	1
	(1)
	P → R
	A

	2
	(2)
	Q → R
	A

	3
	(3)
	P v Q
	PA

	1, 2, 3
	(4)
	R
	1, 2, 3 vO

	1, 2. 3
	(5)
	(P v Q) → R
	3, 4 →I



2
