Clark – PHIL 125	Unit 3: Part 3
Natural Deduction (Predicate Logic)

1. Introduction

We now turn to proofs of arguments that use predicate statements. Luckily, we use the same ten rules as before: &I, &O, vI, vO, →I, →O, ~I, ~O, ↔I, and ↔O. Whenever one of the five operators is the main operator, just use the same steps as we did in the previous unit. If a predicate statement is part of the argument, then you will likely need to use one of four rules: ∀O, ∃O, ∃I, or QE (“quantifier exchange”).

We will start with the ∀O and ∃O rules. Then, we will discuss the ∃I rule. The QE rule will be saved for last.

2. The ∀O and ∃O Rules

The ∀O and ∃O rules fix constants to predicate statements, which allow you to then use the ten rules from before. The ∀O is the simplest. If I were to tell you that all things are made of matter, then everything you could possibly name is made of matter – a phone, a car, a building, and so on. If we wanted to symbolize “all things are made of matter,” then it would look something like this: ∀xMx (“M” = a thing made of matter). We could add to this by saying that “if a thing is made of matter, then it can be held,” which transforms the statement into something like: ∀x(Mx → Hx) (“H” = a thing that can be held). Finally, imagine that you want to prove that your phone is able to be held because it is made out of matter, the complete argument and proof would have the following structure:

∀x(Mx → Hx), Mp (“your phone is a thing made of matter”) ├ Ha (“your phone is something that can be held”)

	1
	(1)
	∀x(Mx → Hx)
	A

	2
	(2)
	Mp
	A

	1
	(3)
	Mp → Hp
	1 ∀O

	1, 2
	(4)
	Hp
	2, 3 →O



As you can see in the third line, the ∀O rule allows us to put any constant that we want in the place of the x’s. In our proof, we needed Mp and Hp. Here is another example:

∀xMx & ∀xHx ├ Mb & Ha

	1
	(1)
	∀xMx & ∀xHx
	A

	1
	(2)
	∀xMx
	1 &O

	1
	(3)
	∀xHx
	1 &O

	1
	(4)
	Mb
	2 ∀O

	1
	(5)
	Ha
	3 ∀O

	1
	(6)
	Mb & Ha
	4, 5 &I


This example is meant to stress that you have to use the rule that corresponds to the main operator of the statement before you can use any of the quantifier rules (except the ∃I rule on rare occasions). Since ∀xMx & ∀xHx is held together with the “&,” you have to use the &O rule first. Then, you use the ∀O rule to get the two conjuncts that you need for your conclusion.

The ∃O is the exact same, but you are restricted to using a constant that does not already appear elsewhere in the argument. This restriction includes the conclusion, which makes sense when if you think about it. Imagine that I am a detective that makes the claim “a killer exists.” That claim could be symbolized as ∃xKx. From the premise that a killer exists, am I justified to draw the conclusion that you are the killer? Of course not. It would be a wild accusation to go from “there exists a killer” to “a specific person is the killer.” Thus, any time that the ∃O rule is used, the constant that replaces the x (or x’s) must not be found anywhere else in the argument.

Now, you might be thinking, so what good is the ∃O rule if it is restricted in this way. Well, the ∃O rule is often used right before the ∀O rule because the ∀O is unrestricted (think back to the truth tree rules for each quantifier on the left side of the branch). If you use the ∃O rule and then the ∀O rule, then it is possible to get the constants to match in your statements. Here is an example:

∀x(Px → Qx), ∀x(Rx → ~ Qx) ├ ~ ∃x(Px & Rx)

	1
	(1)
	∀x(Px → Qx)
	A

	2
	(2)
	∀x(Rx → ~ Qx)
	A

	3
	(3)
	∃x(Px & Rx)
	PA

	3
	(4)
	Pa & Ra
	3 ∃O

	3
	(5)
	Pa
	4 &O

	1
	(6)
	Pa → Qa
	1 ∀O

	1, 3
	(7)
	Qa
	5, 6 →O

	3
	(8)
	Ra
	4 &O

	2
	(9)
	Ra → ~ Qa
	2 ∀O

	2, 3
	(10)
	~ Qa
	8, 9 →O

	1, 2, 3
	(11)
	Qa & ~ Qa
	7, 10 &I

	1, 2, 3
	(12)
	~ ∃x(Px & Rx)
	3, 11 ~I



Given the restriction on the ∃O rule, it will only be used when the conclusion incorporates a quantified statement. Oftentimes, this will mean that the argument requires either the ~I rule or the ~O rule (as is the case above).

Before moving on to the ∃I rule, try these two proofs:

1. ∀x((Px v Qx) → Rx), ∃x~Rx ├ ~ ∀xPx

2. ∀x(Px ↔ Qx), (Pa → Qa) → Rb ├ Rb
1. ∀x((Px v Qx) → Rx), ∃x~Rx ├ ~ ∀xPx

	1
	(1)
	∀x((Px v Qx) → Rx)
	A

	2
	(2)
	∃x~Rx
	A

	3
	(3)
	∀xPx
	PA

	2
	(4)
	~ Ra
	2 ∃O

	1
	(5)
	(Pa v Qa) → Ra
	1 ∀O

	3
	(6)
	Pa
	3 ∀O

	3
	(7)
	Pa v Qa
	6 vI

	1, 3
	(8)
	Ra
	5, 7 →O

	1, 2, 3
	(9)
	Ra & ~ Ra
	4, 8 &I

	1, 2, 3
	(10)
	~ ∀xPx
	3, 9 ~I



2. ∀x(Px ↔ Qx), (Pa → Qa) → Rb ├ Rb

	1
	(1)
	∀x(Px ↔ Qx)
	A

	2
	(2)
	(Qa → Pa) → Rb
	A

	1
	(3)
	Pa ↔ Qa
	1 ∀O

	1
	(4)
	Qa → Pa
	3 ↔O

	1, 2
	(5)
	Rb
	2, 4 →O



The ∀O and ∃O rules work the exact same if the argument uses two-place predicates. The only thing to keep in mind is that you must work from the quantifier with the greatest extent (i.e., the first quantifier on the left side of the statement). Here is an example:

∀x∃y(Pxy → Qxy), ∀x∀y~Qxy ├ ~ ∀x∀yPxy

	1
	(1)
	∀x∃y(Pxy → Qxy)
	A

	2
	(2)
	∀x∀y~Qxy
	A

	3
	(3)
	∀x∀yPxy
	PA

	1
	(4)
	∃y(Pay → Qay)
	1 ∀O

	1
	(5)
	Pab → Qab
	4 ∃O

	3
	(6)
	∀yPay
	3 ∀O

	3
	(7)
	Pab
	6 ∀O

	1, 3
	(8)
	Qab
	5, 7 →O

	2
	(9)
	∀y~Qay
	2 ∀O

	2
	(10)
	~ Qab
	9 ∀O

	1, 2, 3
	(11)
	Qab & ~ Qab
	8, 10 &I

	1, 2, 3
	(12)
	~ ∀x∀yPxy
	3, 11 ~I



3. The ∃I Rule

The ∃I rule is probably the most intuitive of the four new quantifier rules. If your friend introduced her new dog to you, then you could reason that at least one dog exists – your friend’s dog. The ∃I rule works in a similar way. If a specific instance exists in the proof, then you can change the constant into an x and add the ∃x to the front of the predicate. In the case of your friend’s dog, imagine that you wanted to prove the argument that if a dog exists, then you are happy. For this proof, “a” will correspond to the name of your friend’s dog and “b” will refer to you.

∃xDx → Hb, Da ├ Hb

	1
	(1)
	∃xDx → Hb
	A

	2
	(2)
	Da
	A

	2
	(3)
	∃xDx
	2 ∃I

	1, 2
	(4)
	Hb
	1, 4 →O



This is the common structure of a proof that uses the ∃I rule – an assumption that is fixed with specific constant(s). The ∃I rule can be used twice in a row on two-place predicate statements, too. But the ∃x and the ∃y have to be added one at a time to the furthest outside position, so be careful of the order! For example:

∃x∃yPxy → (Q & R), Pcd ├ R & Q

	1
	(1)
	∃x∃yPxy → (Q & R)
	A

	2
	(2)
	Pcd
	A

	2
	(3)
	∃yPcy
	2 ∃I

	2
	(4)
	∃x∃yPxy
	3 ∃I

	1, 2
	(5)
	Q & R
	1, 4 →O

	1, 2
	(6)
	Q
	5 &O

	1, 2
	(7)
	R
	5 &O

	1, 2
	(8)
	R & Q
	6, 7 &I





4. The QE Rule

I mentioned the quantifier exchange (QE) rule in the last two part on translations and truth trees as the reasoning behind the rule is something that you probably instinctively do in your head. Imagine a case where someone says: “It is not the case that all cats are mean.” Thus, there must exist some cat that is not mean. We can symbolize the two statements, which are logically equivalent:

~ ∀xMx = ∃x~Mx

The same thing can be said of the statement: “It is not the case that there exists a friendly badger.” This statement can be restated as: “All badgers are not friendly.”

~ ∃xFx = ∀x~Fx

The QE rule simply says that any time a quantifier is negated, you can switch the quantifier and move the negation to the predicate. Here are two examples:

~ ∃xPx, ~ Pa → Qa ├ Qa

	1
	(1)
	~ ∃xPx
	A

	2
	(2)
	~ Pa → Qa
	A

	1
	(3)
	∀x~Px
	1 QE

	1
	(4)
	~ Pa
	3 ∀O

	1, 2
	(5)
	Qa
	2, 4 →O



~ ∀x(Px v Qx)├ ~ ∀xPx

	1
	(1)
	~ ∀x(Px v Qx)
	A

	2
	(2)
	∀xPx
	PA

	1
	(3)
	∃x~(Px v Qx)
	1 QE

	1
	(4)
	~ (Pa v Qa)
	4 ∃O

	2
	(5)
	Pa
	2 ∀O

	2
	(6)
	Pa v Qa
	5 vI

	1, 2
	(7)
	(Pa v Qa) & ~ (Pa v Qa)
	4, 6 &I

	1, 2
	(8)
	~ ∀xPx
	2, 7 ~I





The QE rule is similarly executed for any two-place predicate that has multiple quantifiers. The only difference is that you have to use the rule two times to move the negation to the predicate. After you move the negation over one position in the statement, you will have to use the quantifier rule before you can use the QE rule again. Take for instance:

~ ∃x∃yPxy, ~ Pab → Qcd, ∃x∃yQxy → R ├ R

	1
	(1)
	~ ∃x∃yPxy
	A

	2
	(2)
	~ Pab → Qcd
	A

	3
	(3)
	∃x∃yQxy → R
	A

	1
	(4)
	∀x~∃yPxy
	1 QE

	1
	(5)
	~ ∃yPay
	4 ∀O

	1
	(6)
	∀y~Pay
	5 QE

	1
	(7)
	~ Pab
	6 ∀O

	1, 2
	(8)
	Qcd
	2, 7 →O

	1, 2
	(9)
	∃yQcy
	8 ∃I

	1, 2
	(10)
	∃x∃yQxy
	9 ∃I

	1, 2, 3
	(11)
	R
	3, 10 →O



And that is it! No more rules to learn (unless you are interested in the identity rule, which, if so, I would be happy to show you). Below, I have provided a few more examples for you to practice and to study.

1. ∀x(Px v Qx), Qa → Rb, Pa → Rb ├ Rb

2. ∀x((~ Px & Qx) → Rx), ~ ∃xPx, ∃xQx ├ ∃xR

3. ∃x∀y(Pxy → Qxy), ∀x∀yPxy ├ ∃x∃yQxy

4. ~ ∃x∃y(Pxy & Qxy), Paa ├ ~ Qaa




1. ∀x(Px v Qx), Qa → (Rb & Sb), Pa → (Tc & Rb) ├ Rb

	1
	(1)
	∀x(Px v Qx)
	A

	2
	(2)
	Qa → (Rb & Sb)
	A

	3
	(3)
	Pa → (Tc & Rb)
	A

	1
	(4)
	Pa v Qa
	1 ∀O

	5
	(5)
	Pa
	PA

	3, 5
	(6)
	Rb & Sb
	3, 5 →O

	3, 5
	(7)
	Rb
	6 &O

	3, 5
	(8)
	Pa → Rb
	5, 7 →I

	9
	(9)
	Qa
	PA

	2, 9
	(10)
	Tc & Rb
	2, 9 →O

	2, 9
	(11)
	Rb
	10 &O

	2, 9
	(12)
	Qa → Rb
	9, 11 →I

	1, 2, 3
	(13)
	Rb
	4, 8, 12 vO



* Note: The end of this proof is a little tricky because you might think that you should cite line 1 instead of line 4 when you use the vO rule at the end. But, remember, the vO rule requires a statement where the main operator is the “v.” In line 1, the main operator is the quantifier (∀x).

2. ∀x((~ Px & Qx) → Rx), ~ ∃xPx, ∃xQx ├ ∃xR

	1
	(1)
	∀x((~ Px & Qx) → Rx)
	A

	2
	(2)
	~ ∃xPx
	A

	3
	(3)
	∃xQx
	A

	3
	(4)
	Qa
	3 ∃O

	2
	(5)
	∀x~Px
	2 QE

	2
	(6)
	~ Pa
	5 ∀O

	1
	(7)
	(~ Pa & Qa) → Ra
	1 ∀O

	2, 3
	(8)
	~ Pa & Qa
	4, 6 &I

	1, 2, 3
	(9)
	Ra
	7, 8 →O





3. ∃x∀y(Pxy → Qxy), ∀x∀yPxy ├ ∃x∃yQxy

	1
	(1)
	∃x∀y(Pxy → Qxy)
	A

	2
	(2)
	∀x∀yPxy
	A

	3
	(3)
	~ ∃x∃yQxy
	PA

	1
	(4)
	∀y(Pay → Qay)
	1 ∃O

	1
	(5)
	Pab → Qab
	4 ∀O

	2
	(6)
	∀yPay
	2 ∀O

	2
	(7)
	Pab
	6 ∀O

	1, 2
	(8)
	Qab
	5, 7 →O

	3
	(9)
	∀x~∃yQxy
	3 QE

	3
	(10)
	~ ∃yQay
	9 ∀O

	3
	(11)
	∀y~Qay
	10 QE

	3
	(12)
	~ Qab
	11 ∀O

	1, 2, 3
	(13)
	Qab & ~ Qab
	8, 12 &I

	1, 2, 3
	(14)
	∃x∃yQxy
	3, 13 ~O



Alternatively, you can use the ∃I rule to build the conclusion.

	1
	(1)
	∃x∀y(Pxy → Qxy)
	A

	2
	(2)
	∀x∀yPxy
	A

	1
	(3)
	∀y(Pay → Qay)
	1 ∃O

	1
	(4)
	Pab → Qab
	3 ∀O

	2
	(5)
	∀yPay
	2 ∀O

	2
	(6)
	Pab
	5 ∀O

	1, 2
	(7)
	Qab
	4, 6 →O

	1, 2
	(8)
	∃yQay
	7 ∃I

	3
	(9)
	∃x∃yQxy
	8 ∃I




4. ~ ∃x∃y(Pxy & ~ Qxy), Paa ├ Qaa

	1
	(1)
	~ ∃x∃y(Pxy & ~ Qxy)
	A

	2
	(2)
	Paa
	A

	3
	(3)
	~ Qaa
	PA

	1
	(4)
	∀x~∃y(Pxy & Qxy)
	1 QE

	1
	(5)
	~ ∃y(Pay & ~ Qay)
	4 ∀O

	1
	(6)
	∀y~(Pay & ~ Qay)
	5 QE

	1
	(7)
	~ (Paa & ~ Qaa)
	6 ∀O

	2, 3
	(8)
	Paa & ~ Qaa
	2, 3 &I

	1, 2, 3
	(9)
	(Paa & ~ Qaa) & ~ (Paa & ~ Qaa)
	7, 8 &I

	1, 2, 3
	(10)
	Qaa
	3, 9 ~O




2
