

Clark – PHIL 125	Unit 3: Part 1
Introduction to Predicate Logic and Translations

1. Introduction

Although you might feel equipped to tackle any argument now that you have learned truth tables, truth trees, and natural deduction, propositional logic is somewhat limited. Imagine that you wanted to prove something like this argument:

	All humans are mammals.
	Colby is human.
	Therefore, Colby is a mammal.

Propositional logic is unable to prove this argument, which you can intuitively deduce is valid. You could cheat to build a conditional statement to symbolize the first line: “All humans are mammals.” It would probably look like this: H → M. But you would not be able to symbolize the other two lines, “Colby is human” and “Colby is a mammal,” in a way that would utilize the conditional statement. To make this argument, we need predicates and quantifiers.

Predicates describe the properties of individuals and the relationships between individuals. In this class, we will focus on one-place and two-place predicates. One-place predicates are used to symbolize the properties whereas two-place predicates are needed to formalize relationships.

There are two types of quantifiers, universal and existential. The universal quantifier (∀x) corresponds to “all” or “none” statements – all planets are round, everyone likes pizza, no one vacations in Antarctica, nothing is hot and cold at the same time. The existential quantifier (∃x) is used to symbolize “some” statements – some like sour candy, some friends went to the movies, some cars are not blue.

The universal and existential quantifiers are necessary to symbolize claims within categorical logic. Categorical logic was made popular by Aristotle and his study of syllogisms (i.e., arguments where all of the premises share a term with the conclusion). He outlined four different forms of categorical claims:

	Form
	Example
	Type

	All S are P.
	All pines are conifers.
	A (universal affirmative)

	No S are P.
	No snakes are warm-blooded.
	E (universal negative)

	Some S are P.
	Some firefighters have mustaches.
	I (particular affirmative)

	Some S are not P.
	Some Ohioans are not from Cincinnati.
	O (particular negative)



As the name suggests, categorical logic is concerned with the classification of individuals into logical categories. Predicate logic is able to capture more complex relationships by comparison. We can translate categorical claims into predicate logic, but the reverse is not true. 
2. Translations

As I mentioned in the previous section, we will work with one-place and two-place predicates. What do I mean by “place”? It is easiest to explain with an example. Referencing the argument from before, the claim “Colby is human” is saying that there exists a type of thing, namely the species human, and Colby is an instance of that type of thing. We could write that claim with a one-place predicate:

	Colby is human.
	Hc

The “H” refers to the predicate, human, and the “c” refers to me, Colby. We use capital letters for predicates and lower-case letters (a-v) for individual constants. Here are some more examples of one-place predicate sentences:

	Brad is a pitcher.
	Pb [P = is a pitcher; b = Brad]

	The sun is yellow.
	Ys [Y = is yellow; s = the sun]

	Your dog is cute.
	Cd [C = is cute; d = your dog]

I mentioned during the first unit that we would differentiate between the “is of predication” and the “is of identity” later in the course. All three examples above us the “is of predication” – we are claiming that the specific things possess certain properties. Notice that you could not use this construction for the claim “Bruce Wayne is Batman” because both “Bruce Wayne” and “Batman” are individuals. Predicate logic employs an “=” to make these types of claims. So, “Bruce Wayne is Batman” would look like: w = b [w = Bruce Wayne; b = Batman]. Unfortunately, we do not have enough time to cover the identity rule in this course. But, just know, that it would be the next step (from where we end), and I am happy to show you the rule if you are interested!

Two-place predicates express relationships. As such, two-place predicates correspond to verbs that have a subject and an object. For example, the claim “The dog chases the cat” requires a two-place predicate. “Chases” is the predicate, “the dog” is the subject, and “the cat” is the object. The subject is positioned in the first place of the two-place predicate, and the object is put in the second position. So, the statement would be symbolized as:

	The dog chases the cat.
	Cdc [C = chases; d = the dog; c = the cat]

Two-place predicates symbolize other types of relationships. Here are a few more examples:

	Dionne watches television with Amy.
	Tda [T = watches television; d = Dionne; a = Amy]

	The airplane is faster than the boat.
	Fab [F = is faster than; a = airplane; b = boat]
Let us now incorporate the quantifiers, and we will start with universal quantifiers. Look back at the first argument again about humans, mammals, and myself. The claim “All humans are mammals” is a universal statement. We would symbolize it as: 

	All humans are mammals.
∀x(Hx → Mx). [H = is human; x = everything; M = is mammal]

Think of the “x” as a proxy for the word “thing.” So, if we wanted, we could rephrase the sentence to say: “It is always the case that if a thing is a human, then that same thing is a mammal.” So, if we wanted to symbolize the entire argument, then it would look like this:

	All humans are mammals, Colby is a human ├ Colby is a mammal
	∀x(Hx → Mx), Hc ├ Mc [H = is human; x = everything; M = human; c = Colby]

This argumentative structure will be one of the first that we prove after we practice translations.

Now, imagine that we wanted to say something else, like “all zebras are black and white.” Again, this statement suggests a conditional relationship such that if a thing is a zebra, then it is both black and white. Hopefully, you see that the consequent (black and white) is a conjunction. We would symbolize the statement like:

	All zebras are black and white.
∀x(Zx → (Bx & Wx)) [Z = is a zebra; x = everything; B = black; W = white]

Notice that the parentheses are important. They are used to express how the same quantifier applies to the entire statement. In logic terms, the scope of the quantifier is the entire statement.

Just to be clear, we are still able to use our simple statements from propositional logic (i.e., individual letters) in predicate logic. For example, if you wanted to say “If everyone is diligent, then the job will get completed sooner,” the antecedent is a universal claim and the consequent is a propositional claim. The statement would be translated as:

	If everyone is diligent, then the job will get completed sooner.
	∀xDx → J [D = is diligent; x = everyone; J = the job will get completed sooner]

Also, notice that you do not need parenthesis if the quantifier only quantifies a single predicate. If the quantifier qualifies over multiple predicates (held together by logical operators), then the parentheses are necessary.

Now, let us look at how the universal quantifier is used in symbolizing statements that use two-place predicates. Take the statement: Everyone likes Edgar. “Likes” is the predicate, “everyone” is the subject, and “Edgar” is the object. This leads to:

	Everyone likes Edgar.
	∀xLxe [L = likes; x = everyone; e = Edgar]

The scope of the universal quantifier only extends to the first position in the two-place predicate.
Consider this statement: Everyone likes everyone. “Everyone” appears to be both the subject and the object. Your first intuition might be to write something like ∀xLxx. But do not be fooled! The symbolization ∀xLxx actually means: Everyone likes themselves. This is so because the same variable occupies both positions in the two-place predicate. The way to formalize “Everyone likes everyone” is to use two quantifiers with different variables.

	Everyone likes everyone.
	∀x∀yLxy (L = likes; x = everyone; y = everyone *but it does not have to be the same person as x]

	Everyone likes themselves.
	∀xLxx [L = likes; x = everyone *the same everyone as the subject and the object]

You might think that everyone liking everyone implies that everyone likes themselves, too, which is an excellent logical intuition – and we will talk about it once we progress to testing for validity. For now, though, it is crucial that you understand why we need another quantifier with a different variable. If the statement does not imply that the subject and the object are the exact same, then you need two quantifiers with distinct variables.

Luckily, translations that use existential quantifiers are similar to those that use universal quantifiers. Here are some examples of statements that use one-place predicates with an existential quantifier:

	Some people are tall.
∃xTx [T = tall; x = some people]

Some people eat popcorn but do not drink soda.
∃x(Px & ~ Sx) [P = popcorn eater; x = some people; S = soda drinker] 

Some people like Sally.
∃xLxs [L = like; x = some people; s = Sally]

Sally likes some people.
∃xLsx [L = like; s = Sally; x = some people * note the positions of the s and the x!]

Some people like some people.
∃x∃yLxy [L = likes; x = someone; y = someone]

Some people like themselves.
∃xLxx [L = likes; x = someone]

You probably already know that we sometimes include multiple quantifiers in a single statement. Here are some more examples: 

Everyone likes someone.
∀x∃yLxy [L = likes; x = everyone; y = someone]

	Someone likes everyone.
	∃x∀yLxy [L = likes; x = someone (because it is ∃x); y = everyone (because it is ∀y)]
This is a little advanced, but multiple quantifiers can be used when a statement uses both one-place and two-place predicates. For example:

	There exists a cat that fears all dogs.
	∃x(Cx & ∀y(Dy → Fxy)) [C = is a cat; x = something; D = is a dog; y = everything; F = fears]

Like I said, the last translation is more complex than any that I will ask you to do in this course. But it is nice to show you the amount of detail that predicate logic can capture.

The last necessary aspect of translating quantified statements is to emphasize the placement of negation operators. How would you symbolize the statement: No human is a lizard? You might pick up that “no” is the opposite of “all,” so you immediately think that you need to use a universal quantifier. But where do you put the negation?

	No human is a lizard.
	~ ∀xLx [L = is a lizard; x = all humans] [incorrect!]

This would be a good guess, but ~ ∀xLx actually means: Not all humans are lizards. This implies that it is possible for a human to be a lizard just as long as all humans are not lizards. We need to move the negation to attain the correct meaning of the statement.

	No human is a lizard.
	∀x~Lx [L = is a lizard; x = all humans] [correct!]

If you think about it, we could symbolize this statement in another way. If no human is a lizard, then it is not the case that some human is a lizard.

	“No human is a lizard” = “It is not the case that some (or any) human is a lizard.”
	 		  ∀x~Lx = ~ ∃xLx

As we progress through the natural deduction unit of predicate logic, we will introduce the quantifier exchange (QE) rule, which will allow us to move any negation from a quantifier to a predicate (and vice versa). Here are a few more examples of translations with negations:

	It is not true that all birds are able to fly.
	~ ∀xFx [F = are able to fly; x = all birds]

	Some birds are unable to fly.
	∃x~Fx [F = are able to fly; x = some birds]

	All dogs do not enjoy the vet. [All things are such that, if they are a dog, then they do not like the vet]
	∀x(Dx → ~ Ex) [D = is a dog; x = everything; E= enjoys the vet]

	Someone that likes both the Bengals and the Steelers does not exist.
	~ ∃x(Bx & Sx) [B = likes the Bengals; x = someone; S = likes the Steelers]
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