

Clark – PHIL 125	Unit 3: Part 2
Truth Trees (Predicate Logic)

1. Introduction

If you remember from the first unit, I said that truth trees are preferred over truth tables because it is impossible to construct a truth table for predicate logic statements that incorporate quantifiers (∀x and ∃x). Truth tables must possess every combination of truth values. But quantified statements have an infinite number of variations, Pa, Pb, Pc, … Pa1, Pb1, Pc2, … Pa2, Pb2, Pb3, … and so on.

Luckily, truth trees in predicate logic use the exact same operator rules as propositional logic. So, you only have to learn two new sets of rules for the quantifiers. And, more good news, the logic behind these new rules mirrors the logic behind three of our natural deduction rules, ∀O, ∃O, and QE. But more on that in the next part.

2. Truth Tree Rules

Before we introduce the two new rules, let us recap the basics of truth trees.

First, remember that the left side of a branch (or the trunk) corresponds to true and the right side corresponds to false.
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Second, all truth trees begin the same – you list the premises on the left side (true) and the conclusion on the right side (false). You are looking for any instance where all of the premises can be true and the conclusion is false.

	True
	False

	Premise
	

	Premise
	

	
	Conclusion



Finally, the ultimate goal is to find contradictions within a completed truth tree. A contradiction indicates that the conclusion cannot be false (in that branch) if the premises are true. If you find a contradiction, the you place an “X” at the bottom of the branch, which signifies that the branch is close. If you do not find a contradiction in the branch, then you know that the proof is invalid.

P

P



P


P




[The truth tree rules for the different operators]
1. Conjunction:
	P
	Q
	P & Q

	T
	T
	T

	F
	T
	F

	T
	F
	F

	F
	F
	F



Truth Tree Rules

P & Q

--------------------
--------------------
P

Q


From:
Derive:
Rule: A conjunction is true when the right conjunct and left conjuncts are both true.

P & Q
--------------------
--------------------


P


Q

From:
Derive:
Rule: A conjunction is false when either the right conjunct or the left conjunct is false.





2. Disjunction:
	P
	Q
	P v Q

	T
	T
	T

	F
	T
	T

	T
	F
	T

	F
	F
	F



Truth Tree Rules

P v Q

--------------------
--------------------

P


Q


From:
Derive:
Rule: A disjunction is true when either the right disjunct or the left disjunct is true.

P v Q
--------------------
--------------------

P

Q

From:
Derive:
Rule: A disjunction is false when the right disjunct and the left disjunct are both true.







3. Negation:
	P
	~ P

	T
	F

	F
	T



Truth Tree Rules

~ P

--------------------
--------------------

P

From:
Derive:
Rule: Flip to the other side and remove the negation (i.e., “~”).

~ P
--------------------
--------------------
P


From:
Derive:
Rule: Flip to the other side and remove the negation (i.e., “~”).






4. Conditional:
	P
	Q
	 P → Q

	T
	T
	T

	F
	T
	T

	T
	F
	F

	F
	F
	T



Truth Tree Rules


P → Q
--------------------
--------------------
P


Q

From:
Derive:
Rule: A conditional is false when the antecedent is true and the consequent is false.
P → Q

--------------------
--------------------


P

Q


From:
Derive:
Rule: A conditional is true when the antecedent is false or the consequent is true.






5. Biconditional:
	P
	Q
	P ↔ Q

	T
	T
	T

	F
	T
	F

	T
	F
	F

	F
	F
	T



Truth Tree Rules

P ↔ Q

--------------------
--------------------

P

Q



P

Q

From:
Derive:
Rule: A biconditional is true when both sides are true or if both sides are false.

P ↔ Q
--------------------
--------------------

P


Q


P
Q


From:
Derive:
Rule: A biconditional is false when the left side is true and the right side is false or when the left side is false and the right side is true.









One last extra reminder – be sure to write the different elements of a deconstructed statement in all of the branches below where the statement appears in the truth tree.
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3. The Rules for Predicates

Any predicate that is bound with an individual constant (i.e., a specific lower-case letter), then you can treat the truth tree like any other. Just use the same rules as before. For example:

Invalid
Counterexample:
Pa = T
Qb = F
R = F
(Pa & R) → Qb

Pa


Qb






Pa & R





Qb





Pa






R



(Pa & R) → Qb, P ├ Qb
(P v R) → Qb

P


Qb






P v R



P

R



Qb


(P v R) → Qb, P ├ Qb
valid


The rules associated with the quantifiers are quite similar. Just be sure to keep track of the side of the branch that the quantifier is on!

	∃x truth tree rules: 

Pa

…

∃xPx

--------------------
--------------------
Pb


From:
Derive:
Rule: Insert any constant for “x” that does not already appear anywhere in the truth tree.
Pa

…


∃xPx
--------------------
--------------------

Pa

From:
Derive:
Rule: Insert any constant for “x” below the statement.

Restricted
Restricted
Unrestricted
Unrestricted








∀x truth tree rules:
Pa

…


∀xPx
--------------------
--------------------

Pb

From:
Derive:
Rule: Insert any constant for “x” that does not already appear anywhere in the truth tree.
Pa

…

∀xPx

--------------------
--------------------
Pa


From:
Derive:
Rule: Insert any constant for “x” below the statement.










Here are a couple observations that will help you to remember these rules:
1. If the quantifier is on the right side (false), then you write your derivation on the left side (truth).
2. Any ∃x on the left side (true) or any ∀x on the right side (false) is restricted (i.e., you must write a new constant).
3. Any ∃x on the right side (false) or any ∀x on the left side (true) is unrestricted (i.e., you are allowed to write whatever constant that you want).

Helpful tip: Always eliminate restricted quantifiers before unrestricted quantifiers. Remember, your ultimate goal is to find out if a contradiction happens within a branch. This means that you will need to have the same statements appear on both sides of a branch. You cannot write something that already exists when you eliminate a restricted quantifier using the truth tree rules.

As I mentioned in the introduction, these truth true rules are quite similar to three of our natural derivation rules, ∀O, ∃O, and QE. The ∀O rule allows you to write any constant that you want. The ∃O rule is restricted insofar as you have to write a new constant that does not appear anywhere within the argument as it is stated. Finally, the QE (quantifier exchange) rule states that you change a ~ ∀xPx into ∃x~Px and vice versa. So, the idea is that if a quantified statement is false, then the quantifier is exchanged as the negation is moved over to the predicate. You do not need to know any of this to do truth trees, but it might help you to understand the logic behind the rules.

The best way to learn the truth tree rules for the quantifiers is to see examples of each. I put a dashed rectangular box around each of the derivations for the quantified statement in each argument:

∃x(Px → Qx), Pa ├ Qa				∀x(Px & Qx), Pb & Qc ├ Pb & Qc

∀x(Px & Qx)






Pb & Qc










Pb & Qb











Pb





Qb











Pc & Qc











Pc





Qc






















Pb



Qc



∃x(Px → Qx)




Pa





Qa








Pb → Qb


















Pb


Qb







valid



Invalid
Counterexample:
Pa = T
Qa = F
Pb = F







~ (Pa v Qb) ├ ∃x(Px v Qx)				Pa → Qb, Pa ├ ∀x(Px → Qx)



Pa → Qb






Pa







∀x(Px → Qx)

























Pa



Qb









Pc → Qc



Pc → Qc








Pc



Pc



Qc



Qc


~ (Pa v Qb)


∃x(Px v Qx)



Pa v Qb



Pa

Qb



Pa v Qa



Pa

Qa



Pb v Qb



Pb

Qb







Invalid
Counterexample:
Pa = T
Qb = F
Pc = T
Qc = F
Invalid
Counterexample:
Pa = F
Qa = F
Pb = F
Qb = F









Here are a couple of notes about the truth trees that you might have noticed:
1. You can (and often must) repeat the quantifier rules until you get the constants that you need.
2. Only one of the arguments above is valid. In cases where the argument is valid, it is the exact same as if you were doing propositional logic. In cases where the argument is invalid, you must demonstrate that a branch (or branches) is unable to produce a contradiction. This means that you must execute the quantifier rules enough times to show that it is impossible to get two statements to make a contradiction.
3. If an argument is invalid, then you must provide a counterexample (just as in propositional logic). To do this, you follow the same procedure as before – list the values of the unique simple statements in an open branch and whether the simple statements are true or false.
Remember, you can only use a rule if it corresponds to the main operator of a statement. And just know, quantifiers are not always the main operator in a compound statement. Consider these statements:

	∀xPx & ∃xQx – the “&” is the main operator
	~ ∀xPx v ~ ∃xQx – the “v” is the main operator
	~ (∀xPx & ∃xQx) – the “~” is the main operator
	~ ∀xPx ↔ ∃xQx – the “↔” is the main operator
	∀xPx → ~ ∃xQx – the “→” is the main operator

So, this is what the truth tree would look like for the argument:

∀xPx & ∃xQx ├ ∃x(Px & Qx)
Notice: I broke apart the ∀xPx & ∃xQx statement first. Then, I used the ∃x rule on ∃xQx since it is restricted. Both the ∀xPx and the ∃x(Px & Qx) are unrestricted. By doing them in that order, it was easier to construct a contradiction within the truth tree.

∀xPx & ∃xQx





∃x(Px & Qx)








∀xPx




∃xQx









Qa









Pa










Pa & Qa

















Pa


Qa










valid





Finally, we have relational (two-place) predicates. If the two-place predicates are not quantified, then it is business as usual. Use the truth tree rules for the fiver operators (&, v, →, ↔, and ~) to try to derive a contradiction. It is important that the contradictions are the exact same on both sides of the same branch (or within the same branch network).

Pab | Pab = contradiction			Pab | Pba = not a contradiction

If a two-place predicate has two quantifiers, you must start with the most outside quantifier with the greatest extent. If you were to see this statement as one of your premises: ∀x∃yPxy, your first inclination might be to get rid of the ∃y first because it is restricted and the ∀x is unrestricted. That is a great intuition to have, but the ∀x is actually the main operator for the statement, so you have to use the ∀x rule before you can use the other quantifier rule. Take a look at this example:



∀x∃y(Pxy → Qxy)├ ∃x∃y(Pxy → Qxy)


∀x∃y(Pxy → Qxy)






∃x∃y(Pxy → Qxy)










∃y(Pay → Qay)











Pab → Qab






















Pab


Qab


∃y(Pay → Qay)



∃y(Pay → Qay)







Pab → Qab



Pab → Qab






Pab



Pab


Qab



Qab



valid








As you can see with the two statements, ∀x∃y(Pxy → Qxy) and ∃x∃y(Pxy → Qxy), the x’s have to be eliminated before the y’s. This is because ∀x and ∃x are the main operators in their respective statements.

The same principle applies if the quantifiers are nested. This is a little more advanced than what I will ask you to complete as part of a homework or on an exam, but here is an example just so you know what it looks like:

∀x(Px v ∃y(Qxy & Ry)) ├ ∀x(Px v Rx)


∀x(Px v ∃y(Qxy & Ry))





∀x(Px v Rx)









Pa v Ra



Pa v ∃y(Qay & Rb)) 









Pa v (Qab & Rb)





















Pa



Qab & Rb








Pa


Qab


Ra


Rb












Pa





Ra





Invalid
Counterexample:
Pa = F
Qab = T
Ra = F
Rb = T











Now, you know the basics of truth trees in predicate logic! The best way to master them is to accumulate examples as we go through lectures and work on practice problems from the homework assignment and the study guide.
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