Clark – PHIL 125	Unit 1: Part 3
Truth Trees (Propositional Logic)

1. Introduction

As I mentioned previously, an argument’s validity is confirmed in a number of ways: truth tables, truth trees, and through natural deduction. After covering truth tables in the last part, now we will discuss truth trees.

Truth trees provide much of the same information as truth tables insofar as they evaluate arguments for validity and identify counterexamples when an argument is invalid. So, you might be wondering, “why do we need two methods?” Well, there are two reasons. The first is that truth tables are cumbersome. We used truth tables to test arguments with three or fewer simple statements (i.e., propositional letters). The number of rows needed for each truth table is calculated by this equation: 2n (where “n” is the number of simple statements that appear throughout the argument’s premises and conclusion). Consider this argument: P & (Q v R), (R v S) → T ├ ~ Q → (P & T). There are five propositional letters used in that argument, P, Q, R, S, and T. So, to complete a truth table for the argument, we would need 25 rows to account for all of the possible combinations of truth values. That is a lot of rows to keep organized.

The second reason truth trees are often preferred over truth tables has to do with predicate logic. In the third unit, we will introduce quantifiers (∀x and ∃x). It is impossible to utilize truth tables when quantifiers exist within the argument. But more on that later. 

2. Truth Tree Rules

Truth trees are based on the same rules as truth tables, so I included the basic truth tables for each rule alongside the basic truth trees for each operator. Although the rules are the same for both truth tables and truth trees, it will require a more sophisticated understanding of the rules to master truth trees.

The first step in working with truth trees is to understand the structure of a truth tree. Below, I provided an example of a real argument. Do worry about the individual steps just yet. We are only interested in the elements of a truth tree.

Example: (P v Q) → R, Q & P ├ R & (P v Q)

To begin, we have to construct the trunk of the truth tree. We do this by listing the premises on the left side, which represents “true,” and the conclusion on the right side, which represents “false.” Do you know why we do this? Think back to the definition of validity – an argument is valid if the conclusion necessarily follows from all true premises. So, the truth tree is checking to see if there is a case in which the premises are all true and the conclusion is false.conclusion
“True” and “False” are not actually written as part of the truth tree. I just labeled them for this example.
premises

	True
	False

	
	

	(P v Q) → R
	

	Q & P
	

	
	R & (P v Q)




Every truth tree has the same setup. Now, we apply our rules to break the individual sentences down. Let us start with the first premise: (P v Q) → R. [Again, do not worry about the rules for the individual operators just yet.]“branching”

	True
	False

	
	

	(P v Q) → R
	

	Q & P
	

	
	R & (P v Q)
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P v Q
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False


R







So, we broke apart the (P v Q) and the R from the first premise, (P v Q) → R, to create two new “branches”. But we still have the P v Q to break apart before we are done with premise #1.
	True
	False

	
	

	(P v Q) → R
	

	Q & P
	

	
	R & (P v Q)


“stacking”
True
False



P v Q
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Q
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R









After “stacking” the P and the Q, we have broken down the first premise into the simple statements P, Q, and R. The next step is to break down the second premise, Q & P. To do that, we will break it down on both branches at the same time.
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We used another stacking rule to break down Q & P into its simplest parts (i.e., Q and P). The conclusion is last.
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And that is it! I know that this can seem overwhelming, but these should be your only takeaways for right now:
1. The left side of the truth tree corresponds to true values, and the right side corresponds to false values.
2. Every truth tree starts out the same way: the premises are listed on the left and the conclusion on the right.
3. Statements that are broken down must be written in all the branches below it at the same time.

Now, for the individual rules. I provided phrases for each of the five operators that help me whenever I have to complete a truth tree. Any phrase that uses “and” means that the elements of the statement are stacked. Any phrase that uses “or” means that the statement will need to be split into separate branches. 

1. Conjunction:
	P
	Q
	P & Q

	T
	T
	T

	F
	T
	F

	T
	F
	F

	F
	F
	F



Truth Tree Rules

P & Q

--------------------
--------------------
P

Q


From:
Derive:
Rule: A conjunction is true when the right conjunct and left conjuncts are both true.

P & Q
--------------------
--------------------


P


Q

From:
Derive:
Rule: A conjunction is false when either the right conjunct or the left conjunct is false.



2. Disjunction:
	P
	Q
	P v Q

	T
	T
	T

	F
	T
	T

	T
	F
	T

	F
	F
	F



Truth Tree Rules

P v Q

--------------------
--------------------

P


Q


From:
Derive:
Rule: A disjunction is true when either the right disjunct or the left disjunct is true.

P v Q
--------------------
--------------------

P

Q

From:
Derive:
Rule: A disjunction is false when the right disjunct and the left disjunct are both true.







3. Negation:
	P
	~ P

	T
	F

	F
	T



Truth Tree Rules

~ P

--------------------
--------------------

P

From:
Derive:
Rule: Flip to the other side and remove the negation (i.e., “~”).

~ P
--------------------
--------------------
P


From:
Derive:
Rule: Flip to the other side and remove the negation (i.e., “~”).






4. Conditional:
	P
	Q
	 P → Q

	T
	T
	T

	F
	T
	T

	T
	F
	F

	F
	F
	T



Truth Tree Rules


P → Q
--------------------
--------------------
P


Q

From:
Derive:
Rule: A conditional is false when the antecedent is true and the consequent is false.
P → Q

--------------------
--------------------


P

Q


From:
Derive:
Rule: A conditional is true when the antecedent is false or the consequent is true.





5. Biconditional:
	P
	Q
	P ↔ Q

	T
	T
	T

	F
	T
	F

	T
	F
	F

	F
	F
	T



Truth Tree Rules

P ↔ Q

--------------------
--------------------

P

Q



P

Q

From:
Derive:
Rule: A biconditional is true when both sides are true or if both sides are false.

P ↔ Q
--------------------
--------------------

P


Q


P
Q


From:
Derive:
Rule: A biconditional is false when the left side is true and the right side is false or when the left side is false and the right side is true.








3. Evaluating Statements with Multiple Operators

For truth tables, you worked from smallest to largest (i.e., the simplest sentences to the main operator of the entire statement). It is the reverse for truth trees. The truth tree rules break down the main operator, so you start with the main operator and continue until you have deconstructed the entire statement into its simplest sentences (i.e., the propositional letters).

Below, I have proved a few examples of complex compound statements being broken down with truth tree rules. Just as before, I used □’s and ○’s to help you visualize which pieces are moved where within the truth tree:

P & (~ Q → R)






P




~ Q → R


~ Q


R



Q


~ (P & Q) & R 



~ (P & Q)

R




P & Q






P
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~ (P → (Q & ~ R))


P → (Q & ~ R)







Q & ~ R






P




Q




~ R


R




Q




R





P



Q v R



Q

R

P ↔ (Q v R)






P



Q v R





Before we move on to testing arguments for validity using truth trees, I want to provide one more visual. It is very important to write any statement that is broken down in the branches below the statement’s position in the truth tree. If you do not, you might think that an argument is invalid when it is actually valid.
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4. Testing for Validity

Similar to truth tables, truth trees are not useful unless we employ them for their designed purpose – testing for validity. With truth tables, we look at rows where all of the premises are true to see if the conclusion is also true. 

For truth tables, we are looking for something different, a contradiction. Contradictions are a staple in any logic course. The term will be used quite often. A contradiction involves a situation where a statement is shown to be both true and false, which should be an impossibility in logic. Imagine the following scenario: I tell you that if I own a car, then I do not own a bike. We could symbolize that statement as:

	C → ~ B

But, as I am talking to you, I am sitting on a bike. You ask me if it is mine, and I tell you that it is. So, what can you deduce? Well, if you reason through the scenario, I did not exactly lie to you. I did not say that do not own a bike. Instead, I said that I do not own a bike if I own a car. Since I own a bike, then you can reason that I do not own a car. Why? Because if I owned a car, then it would result in a contradiction:

	B & ~ B
Ultimately, when we are testing an argument for validity using a truth tree, we are looking for contradictions. In this case, a contradiction occurs if the same statement appears on both sides (true and false) of the same branch. All of these are examples of contradictions within a truth tree:




P





P




P




P




P
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To further illustrate the point, all of these are contradictions, too:




(P & Q) → R



(P & Q) → R












P v ~ Q





P v ~ Q




P & Q




P & Q








When we discover a contradiction, we put an “X” at the bottom of the branch to close it off. Once you close off a branch, you do not need to add any other derivations to that branch. Why? Because the branch has a contradiction in it already. One contradiction is sufficient. So, this is what our examples would look like:
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A truth tree is valid if all of the branches are closed off. Conversely, a truth tree is invalid if there is at least one branch that is left open. Let us look at a couple of simple examples:

(P v R) → Q, P ├ Q
(P & R) → Q

P


Q






P & R





Q





P






R



(P & R) → Q, P ├ Q
invalid
valid
(P v R) → Q

P


Q






P v R



P

R



Q




As you can see, the one on the left is valid because all of the branches are closed (i.e., have X’s). The argument on the right is invalid because there is one branch that is not closed off. Remember, when an argument is invalid, we have to provide a counterexample – a list of the truth values for the simple statements (i.e., the propositional letters). In this case, we need to list the truth values for P, Q, and R. How do we determine those values? We look at the position of the individual letters within the branch to determine their truth value. Let us briefly return to the example. I circled all of the propositional letters within our one open branch. The P is on the left side, and the Q and the R are on the right side. So, our counterexample is: P = T, Q = F, and R = F.
(P & R) → Q

P


Q






P & R





Q





P






R

(P & R) → Q, P ├ Q
invalid
Counterexample:
P = T, Q = F, and R = F













And that is it! Below, I provided two additional truth tree examples, one valid and one invalid. The contradictions are circled within each branch.
 
invalid
Counterexample:
P = F, Q = T, and R = F
~ (P & Q)

R → Q




R v P



P & Q






P






Q






R



R

P



Q




R

P




R



R

P



Q




R

P

~ (P & Q, R → Q ├ R v P
Notice that there are multiple open branches. In this case, just select a branch with all of the simple statements in it. Remember, it only takes a single counterexample to make an argument invalid.
P ↔ (R → Q)

P & R
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P

R → Q







P

R → Q
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P
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P

R
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P

R


P ↔ (R → Q), P & R ├ Q
valid
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